The Atkinson-Stiglitz Theorem shows that with weakly separable preferences, differential commodity taxes are not needed if an optimal nonlinear income tax is imposed. Redistributive objectives can be achieved with the income tax alone even if goods differ considerably in their income elasticities of demand. Deaton showed that if the government is restricted to a linear progressive income tax along with commodity taxes, the latter are superfluous if preferences are not only weakly separable but also yield linear Engel curves whose slopes are common to all households. These have potentially strong policy implications since they suggest that the common practice of giving preferential commodity tax treatment to necessities is not warranted. Using the linear progressive income tax as an example and assuming the Deaton conditions are satisfied, we derive two contradictory results. First, if the income tax is less progressive than optimal, necessities should be taxed preferentially relative to luxuries. Second, if low-income households are income-constrained so are unable to afford any luxury goods, it may be optimal to tax necessity goods at higher rates than luxuries, depending on whether labor supply varies along the intensive or extensive margin. The analysis is extended to allow for nonlinear taxes and endogenous demand for a public good.
Introduction
A key issue in tax policy concerns the use of differential commodity tax rates as part of the tax system. Most nations (a notable exception being the USA) now use value-added taxes (VATs) alongside direct taxes to raise the bulk of their revenues. Virtually all of them give preferential treatment to selected commodities using exemptions, zero-rating or reduced rates. In some cases, this reflects difficulties in taxing consumer services properly, as in the cases of housing and financial services. There are other instances where some goods are subject to higher tax rates because of externality arguments or as user charges. These include tobacco and alcohol products and petroleum. The case of interest to us is where differential commodity taxes are deployed as redistributive devices. Commodities that are taken to be relatively important for poorer taxpayers, such as food, children's clothing and footwear, and home heating, are often taxed at reduced rates. While there is some prime facie appeal to taxing more lightly goods with low elasticities of demand to improve redistributive outcomes, forceful arguments have been made that redistribution is better carried out by relying solely on progressive direct tax-transfer schemes, especially given the avoidable complexity preferential rates cause for a VAT system. Recently, the Mirrlees Review (Mirrlees et al 2010) has taken this position, proposing that differential VAT rates be abolished by moving to uniform rates and adjusting the income tax system to maintain approximate distribution-neutrality. This is bound to be a controversial proposal politically since the cost of fully taxing necessities may be more salient to taxpayers than the relief given through income tax changes. Our focus is on the normative arguments for such reforms. The purpose of this paper is to shed some light on when it is reasonable to tax necessities preferentially for redistribution purposes. In doing so, we set aside arguments of administrative ease and political feasibility, and focus purely on tax reform principles based on optimal tax theory.
The theoretical basis for uniform commodity taxation originates with the Atkinson-Stiglitz Theorem (Atkinson and Stiglitz 1976) . This states that, in a standard nonlinear income tax worldà la Mirrlees (1971) with multiple commodities that can be taxed indirectly, if the government imposes an optimal nonlinear income tax, the commodity tax structure should be uniform if preferences are weakly separable in goods and leisure. Deaton (1979) showed that if the government is restricted to a linear income tax and sets it optimally, the commodity tax structure should be uniform if preferences are weakly separable and Engel curves for all goods are linear.
More recently, Konishi (1995) , Laroque (2005a) and Kaplow (2006 Kaplow ( , 2008 have derived a potentially strong extension of the Atkinson-Stiglitz Theorem. Suppose preferences are weakly separable in goods and leisure, and start with a tax system that includes both differential commodity taxation and a non-optimal income tax. A Pareto-improving tax reform can be implemented that moves to uniform goods' taxation and adjusts all persons' income tax liabilities such that government budget The Mirrlees Review proposals effectively take the existing level of redistribution as given and seek to make it more efficient. Our analysis is concerned with policies to improve redistribution starting from some status quo. We study two forms of arguments for differential taxation of necessities. One argument applies when the income tax is not set optimally. We show, using a simple model with weakly separable preferences that satisfy the Deaton conditions, that when the income tax system is not optimal to begin with, and when person-specific income tax adjustments are not feasible, giving preferential tax treatment to goods with relatively low income elasticities of demand can be welfare-improving. Second, we show that when low-income individuals are constrained to consume only necessity goods, paradoxically it may be optimal to tax necessities at a higher rate than luxuries when the income tax is set optimally. Thus, the tax treatment of necessities remains an open question.
Our basic approach essentially applies the Corlett and Hague (1953) tax reform methodology to a heterogeneous-household setting. The government can impose a linear progressive income tax, as in Sheshinksi (1972) , but since there is more than one consumer good, it can also deploy differential commodity taxes as in Deaton (1979) . The utility function involves two goods and leisure, and takes an extreme form for transparency of interpretation. It is quasilinear in one of the goods, which implies that good has a zero income elasticity of demand so is a necessity, while the other has an income elasticity of demand greater than unity so is a luxury. The utility function satisfies Deaton's conditions, so if all consumers consumed both goods and the linear income tax were set optimally, uniform commodity taxation would be optimal. Our first main result shows that, starting with an arbitrary linear progressive tax and uniform commodity taxes, a revenue-neutral reform of the commodity tax structure that reduced the tax rate on the good with the low elasticity of demand and increased the other would be welfare-improving if the income tax were less progressive than is optimal, and vice versa. Our second result applies the same methodology to the case where low-income households are unable to afford any of the luxury good, and finds that the necessity should bear a differentially high tax rate when the income tax is optimal.
We extend the main analysis in three directions. First, we show that if labor supply varies along the extensive margin so that households choose only whether to participate, as in Diamond (1980) and Saez (2002b) , the second result must be modified. There is now an efficiency argument against taxing the necessity since it discourages participation. Second, we extend the results to a nonlinear income tax setting using again the extensive-margin model. Unlike with a linear progressive tax, the meaning of the income tax being less progressive than optimal is ambiguous.
We adopt a simple but appealing example where that ambiguity disappears. Finally, we allow government revenue requirements to be endogenous by assuming the government supplies a public good, a case originally considered by Atkinson and Stern (1974) in a simpler context. When the government sets the linear progressive tax optimally, not only should commodity taxes be uniform, but the Samuelson rule for the public good should be satisfied. That is, the marginal cost of public funds should be unity. If the income tax is less progressive than optimal, the rule for public goods provision depends on how the public good is financed. If financing comes from adjusting the lump-sum component of the income tax, the Samuelson condition continues to apply. However, if financing comes from changes in the income tax rate, as in Atkinson and Stern, public good supply should be greater than that indicated by the Samuelson rule: the marginal cost of public funds should be less than unity. The opposite applies if the income tax is more progressive than optimal.
The Model
The economy is populated by a distribution of individuals who differ by their exogenous wage rate w i . There are n i persons of type w i , with i = 1, · · · , r, where r i=1 n i = 1 for simplicity (since the absolute population is irrelevant for the results). Individuals consume two goods, x 1 and x 2 , and supply labor, . All have the same preferences, which we take to be quasilinear in x 1 , or
is increasing and strictly concave and h( ) is increasing and strictly convex. Let q 1 and q 2 be the consumer prices of the two goods. Since preferences are quasilinear in x 1 , all changes in disposable income go to x 1 , so dx 1 /dc = 1/q 1 and dx 2 /dc = 0, where c is disposable income, including labor income. The slopes of Engel curves are thus linear and the same for all households. The Deaton (1979) conditions are then satisfied, as is weak separability required for the Atkinson-Stiglitz Theorem (Atkinson and Stiglitz 1976) . The proportion of income spent on good x 1 is q 1 x 1 /c, which is increasing in c. 3 Thus, x 1 is a luxury, while x 2 is an extreme necessity.
Production is linear, and we normalize producer prices of both goods to be unity. All income comes from labor, with pre-tax labor income for a person of type w i denoted by y i ≡ w i i . The government can impose a linear progressive income tax and commodity taxes on the two goods. Let t be the tax rate on income, θ 1 and θ 2 the tax rates on x 1 and x 2 , and a the lump-sum component of the linear tax system. 4 The budget constraint of a type−w i person is then:
Using (1) to determine x 1i , consumer i solves the following problem:
This yields as a solution the increasing functions x 2i (1+θ 2 )/(1+θ 1 ) and i (1−t)w i /(1+θ 1 ) and the value function v i (θ 1 , θ 2 , t, a). Initially, we assume that all individuals consume strictly positive amounts of both goods. This implies that x 2i = x 2 for all i. Later, we allow for the possibility that for low-income persons, income is insufficient to purchase the desired amount of x 2 , or equivalently a non-negativity constraint on the purchases of x 1 is binding. By the envelope theorem, we have:
where subscripts on v(·) denote partial derivatives in an obvious way.
The government budget constraint is i n i θ 1 x 1i + θ 2 x 2i + tw i i − a = 0, where we assume with no loss of generality that the government needs no net revenue. Using the solution for x 1i from (1), this can be written as:
Differentiating B(·), we obtain:
and
We assume in what follows that B t > 0 and B θ i > 0, so the tax revenues are increasing in all tax rates and we are on the rising part of the Laffer curve.
The objective function of the government is taken to be an additive social welfare function:
We can interpret the function u(·) either as the individual's concave utility function or the planner's social utility function, or a combination of the two (Kaplow 2010 ). These are equivalent from an analytical perspective.
We consider two cases. In the first one, we set θ 1 = θ 2 = 0 and examine the social welfare properties of a given linear income tax system (t, a) when the government must balance its budget.
This case includes that where some of the revenue to finance the transfer a is raised by a uniform commodity tax on x 1 and x 2 , since a uniform tax is equivalent to a proportional income tax and can be subsumed in the income tax rate t and lump-sum component a. We then perturb θ 1 and θ 2 holding t and a constant to investigate the case for differential commodity taxes, given the progressivity of the income tax. Formally, we increase θ 2 and allow θ 1 to change to balance the budget.
Uniform Commodity Taxation
Consider the effect of a change in the marginal income tax rate t starting at θ 1 = θ 2 = 0, with a adjusting to balance the budget, so that da/dt = −B t /B a > 0. Differentiating (6), we obtain:
where u i is the marginal social utility of a person with wage rate w i . Using the envelope results (2), the properties of the government budget (4) and (5), and −w 2 i = ∂y i /∂t ≡ y it , this becomes:
These two terms have a familiar interpretation (Sheshinski 1972 ). The first term represents the equity benefits of increasing the tax rate, with the lump-sum transfer a increasing to balance the budget. The second term reflects the marginal efficiency cost of increasing the tax rate.
An increase in t increases the progressivity of the tax. The optimal linear progressive tax will apply when (7) equals zero so the equity and efficiency effects of a tax increase just offset one another. Denote the optimal linear tax rate by t * . Then we have:
Lemma 1 If the commodity tax structure is uniform, so θ 1 = θ 2 = 0, then for a given tax rate t,
As mentioned, the marginal tax rate t could include varying combinations of a tax on labor income and a uniform tax on commodities.
Differential Commodity Taxation
To investigate whether differential commodity taxation is desired, we undertake a tax reform exercise in the spirit of Corlett and Hague (1953) . Holding the marginal income tax rate t and the lump-sum component a constant to maintain progressivity, we analyze the social welfare effect of a small increase in θ 2 , the tax on good x 2 , allowing θ 1 to adjust to balance the budget.
Starting from some arbitrary level of t and a, differentiation of W (θ 1 , θ 2 , a, t) yields:
Using (2), (4), (5) and x 2i = x 2 , and evaluating this at θ 1 = θ 2 = 0, we obtain:
Using the individual budget constraint (1), this may be written:
Recall that we assume B θ 1 > 0, so that an increase in the marginal tax rate increases revenue.
Then, comparing (9) with (8) leads to the following proposition.
Proposition 1 Starting from uniform commodity taxes (θ 1 = θ 2 = 0) and an arbitrary t and a, and assuming all individuals consume both goods:
The implication of Proposition 1 is that if the income tax rate is below the optimal one, so the tax system is less progressive than at the optimum, reducing the commodity tax rate on the good with the low income elasticity of demand (good x 2 ) below that of the good with the high income elasticity of demand (good x 1 ) starting from uniformity will be welfare-improving. Therein lies the argument for favoring necessities on redistributive grounds.
Demand for the Necessity Good Income-Constrained
So far, we have assumed that all individuals are able to choose an interior solution, which requires them to have enough income to purchase the common optimal level of x 2 . In this section, we explore the consequences of this not being the case for lower-income individuals, and show paradoxically that if the income tax is set optimally, the necessity good should be taxed at a higher rate than the luxury.
Individual preferences are again assumed to be quasilinear,
, and social utility from the planner's perspective is taken to be strictly concave. The individual maximizes utility subject to the usual budget constraint, (1), and a non-negativity constraint applied to good 1,
(A non-negativity constraint on x 2i will never be binding as long as individuals have positive income.) This constraint will be assumed to be binding for low-wage persons, for whom income is insufficient to purchase the otherwise desired level of x 2i . Using (1) to eliminate x 1i , the Lagrange expression for a type-i individual is:
where µ i is the Lagrange multiplier on the non-negativity constraint. From the first-order conditions, we obtain the functions
, where
, with the envelope properties
There will be some cutoff wage,w, such that for all w i <w, the constraint x 1i ≥ 0 is binding,
Moreover, the value of µ i will be decreasing with the wage rate in this range. For those with w i >w the non-negativity constraint is not binding, so µ i = 0 as in the case considered above.
For individuals for whom the non-negativity constraint is binding, their demand for x 2 will be lower and their supply of will be greater than for higher-wage persons who are not income-constrained.
Suppose the government chooses the optimal linear progressive income tax system, given the commodity tax rates θ 1 and θ 2 . The social welfare function is now
where u(·) is a strictly concave social utility function. Using the government budget constraint (3), the Lagrange expression for the optimal income tax problem can be written, using y i = w i i :
The first-order conditions on t and a evaluated at θ 1 = θ 2 = 0 are:
Using the envelope theorem properties (11), this can be written:
This is the standard optimal tax expression analogous to (7) above involving an equity and an efficiency effect. Both are augmented by the multiplier µ i arising from the non-negativity constraint that we assume is binding at the bottom end.
Let the value function for the optimal income tax problem be W(θ 1 , θ 2 ). Applying the envelope theorem, the change in the value of social welfare from a change in the commodity tax rate θ 2 , evaluated at θ 1 = θ 2 = 0 is:
Using the envelope results in (11) , and the value of λ in (12), this becomes
In the case where the non-negativity constraint x 1i ≥ 0 is not binding, x 2 is constant, so the welfare change in (13) is zero as expected. However, when the non-negativity constraint is binding for some low-income persons, x 2i is increasing for them. Since u i (1 + µ i ) decreases with the wage rate while x 2i weakly increases, this expression is positive, implying that the tax on the necessity good x 2 should be positive. We summarize this in the following proposition.
Proposition 2 If the optimal linear income tax is in place, the necessity good x 2 should be taxed at a higher rate than the luxury good x 1 if low-wage persons are income-constrained so that they purchase none of the luxury and a suboptimal amount of the necessity.
Contrary to the basic case leading to Proposition 1, when low-income individuals are incomeconstrained from purchasing the luxury good x 1 , it is optimal to tax the necessity punitively when the income tax is optimal, apparently because high-wage persons consume more of the necessity.
This somewhat surprising result seems to be of some practical relevance. In the real world, lowincome persons devote much of their income to necessities, and consume virtually no luxury goods.
This seems to cast some doubt on the relevance of the Atkinson-Stiglitz Theorem as a basis for advocating uniform commodity taxes, though as the following sections show the results of Proposition 2 are modified when we allow workers to respond to the tax-transfer system by changing labor supply along the extensive margin.
The Extensive-Margin Case
The above analysis extends to the case where each worker's labor market choice includes a participation decision. This case is useful to consider since it allows us to introduce nonlinear income taxes in a straightforward way in the next section. Consider the extreme case studied initially by Diamond (1980) and exploited further by Saez (2002b) and Laroque (2005b) where the only decision workers make is whether to participate in the labor market. Participation by a worker of skill-type i involves choosing to work in a type-i job for a fixed number of hours and earning a given income The marginal participant of skill-type i satisfies:
All persons with m i <m i , of whom there will be
participate in the labor market.
Assuming that a linear progressive income tax is in place, the budget constraint for a type-i
Using this, the participant chooses x 2i to
The solution gives the demand function
, which leads to the indirect utility function v i (θ 1 , θ 2 , t, a). The envelope theorem gives the following participation equilibrium condition:
For non-participants, the same analysis applies except the transfer a is the only source of income, so y i = 0. This implies that utility for a type-(i, m) non-participant can be written a − (1 + 
. Assuming a is sufficiently large, we obtain x 2i = x 20 ≡ x 2 for all i, whether they participate or not.
Given that x 2 is the same for all persons, and using the budget constraints for participants and non-participants, the participation equilibrium condition (14) reduces to (1 − t)y i /(1 + θ 1 ) =m i .
The number of skill-type-i participants then becomes
, where h i (·) > 0. The responsiveness of participation to after-tax income depends upon the distribution of preferences for leisure in each group, something that we can be agnostic about. 6 The total number of non-participants can be written
5 It would be fairly routine to extend the analysis to the case considered by Saez (2002b) where workers can also choose the job of a less-skilled worker. 6 The elasticity of the participation function plays a critical role in defining the optimal tax system when the latter can be non-linear as we see in the next section. See Diamond (1980) and Saez (2002b) .
The government budget constraint analogous to (3) is:
Differentiation at θ 1 = θ 2 = 0 yields:
We continue to assume that B t > 0 and B θ 1 , B θ 2 > 0, so the government is operating on the increasing side of the Laffer curve.
Social utility for type-i participants will be written u v i (θ 1 , θ 2 , t, a) , where
reflects the planner's aversion to inequality. For type-(i, m) non-participants, social utility is
Social welfare can then be written as follows:
The first term is the sum of social utilities for participants, while the latter includes all nonparticipants. Non-participants differ by both skill-type and preference-type, and can include some skill-type-0's, none of whom work. As above, we consider two cases, the first with uniform commodity taxation and the second allowing the commodity tax on x 2 to vary.
Changing progressivity with uniform commodity taxation
Consider the effect of increasing the marginal income tax rate t with the lump-sum transfer a adjusting to balance the budget. The change in social welfare in (18) can be written:
Note that we can neglect changes in social welfare arising from marginal changes in participation, h i . Since marginal persons are indifferent between participating and not, the change in their utility, and thus in social welfare, is only second order in magnitude. Since da/dt = −B t /B a from (16), (17), and v ia = v 0a = 1 by the envelope theorem, this welfare change expression can be expanded as follows:
The first two terms give −Cov[u , y] and is positive, while the last term represents the efficiency loss of an increase in the income tax rate. The optimal linear income tax rate is obtained when (19) is set to zero. The analogue of Lemma 1 applies.
Differential commodity taxation
Following the same analysis as above, consider now an increase in θ 2 , adjusting θ 1 to balance the budget while holding t and a constant. Differentiating social welfare yields:
Using dθ 1 /dθ 2 = −B θ 2 /B θ 1 , the properties of the budget (17) , and the envelope theorem results, this reduces to the following when θ 1 = θ 2 = 0:
Comparing this with (19) , we see that Proposition 1 applies here as well: if the linear income tax is less progressive than optimal, the necessity good x 2 should be subsidized (or taxed preferentially relative to x 1 . While this analysis focuses solely on the participation decision, it is apparent that if both extensive and intensive responses are included, the results of Proposition 1 would continue to apply.
Low-income demand for the necessity income-constrained
Suppose now that the purchase of x 2 by some low-skilled workers as well as non-participants is income-constrained. Following the same analysis as above the individual problem must satisfy the constraint x 1i ≥ 0 with the associated shadow price µ i , i = 0, 1, · · · , r. The demand function for
, and the envelope conditions become:
where y 0 = 0 for non-participants. For low-income households µ i is positive and decreasing in income, so their demands for x 2 are less than the unconstrained amounts and increasing in skill.
The participation equilibrium condition (14) can now be written, using the household budget constraint, as:m
so we can write the number of type-i participants and the number of non-participants as:
where x 2i and x 20 are given by the above demand functions.
Assume the government chooses the optimal linear income tax system. Using the expression for social welfare (18) and the government budget (16) revised to incorporate the income-constrained variables, the Lagrangian expression can be written:
where h i (·) is given by (20) . Taking the first-order conditions with respect to t and a and evaluating them at θ 1 = θ 2 = 0, we obtain (19) set equal to zero. This is the standard optimal linear income tax formula in this context.
As before, let the value function for this optimal tax problem be W(θ 1 , θ 2 ). To study the effect of introducing differential commodity taxes, we can evaluate a change in θ 2 using the envelope theorem. Differentiating the Lagrangian expression, we obtain the following starting at θ 1 = θ 2 = 0:
Using v iθ 2 = −(1 + µ i )x 2i when θ 1 = θ 2 = 0 and the first-order condition on a obtained from (21) , this reduces to:
This is analogous to (13) for the intensive-margin case with the addition of the second term. The first term is positive when the non-negativity constraint applies on x 1i for some households, and tends to favor a tax on the necessity. This can be thought of as an equity effect.
The second term arise because the tax on the necessity changes the number of persons who participate in the labor market, which is like an efficiency effect. Differentiating (20) with respect to θ 2 , taking into account the effect on x 2i and x 20 , yields:
The sign of (23) is generally ambiguous since it depends on the relative magnitude of x 2i and x 20 .
However, a sufficient condition for it to be negative is that x 2i ≤ x 20 , or that the demand function for x 2 be concave. 8 If h i is decreasing in θ 2 , so it becomes less attractive to participate in the labor market because that involves higher demand for the taxed commodity x 2 , the efficiency effect will counter the equity effect and the welfare effect of increasing the tax on the necessity will be ambiguous. The following proposition summarizes.
Proposition 3 Assume a) labor supply varies along the extensive margin so individuals can choose whether to work for a given income, and b) the government imposes a linear progressive income tax on all households whether they participate or not.
1. Suppose the non-negativity constraint on x 1 is slack for all skill levels. If the income tax is less progressive than optimal, social welfare can be improved by taxing the necessity good x 2 at a lower rate relative to the luxury good, and vice versa.
2. Suppose the non-negativity constraint on x 1 is binding for low skill levels. If the linear progressive tax is optimal, taxing the necessity good will have a beneficial equity effect, but an adverse efficiency effect, and the overall effect will be ambiguous.
This result that Proposition 2 no longer necessarily applies when households decide whether to participate could be extended to allow participants to vary their labor supply along the intensive margin. There would still be an equity effect favoring a tax on necessities, and an efficiency effect working in the opposite direction reflecting the fact that the tax on the necessity might discourage labor market participation. We next investigate whether these results continue to apply when we allow nonlinear taxes.
Nonlinear Income Taxation
So far we have assumed that the government deploys a linear progressive income tax as well as any commodity taxes. We turn now to an example where the government can use a nonlinear income tax. Whereas with a linear progressive income tax, the meaning of greater progressivity is unambiguous, that is not the case with nonlinear taxes: the tax system has many parameters, and there are many different ways of increasing progressivity. We shall present a specific, but intuitively appealing, example in which increasing progressivity involves a one-dimensional policy change. For this example, results corresponding to the previous section apply.
Our example involves the extensive-margin case just considered but with the government assumed to be able to set skill-specific taxes, as in Diamond (1980) and Saez (2002b) . Let t i for i = 1, · · · , r be the tax on workers of skill i who choose to work, while c 0 is the transfer to nonparticipants. The budget constraint for type-i participants is now (1 − θ 1 )
Using this budget constraint, the participant maximizes utility
resulting in the demand function x 2i (1 + θ 2 )/(1 + θ 1 ) . The indirect utility function is v i (θ 1 , θ 2 , t i ).
Similarly 
As above, assuming that the non-negativity constraint on x 1 is not binding for low-skill workers, all individuals demand the same x 2 :
Non-participants obtain a utility of leisure m i that follows the distribution function Γ i (m i ) as above. The number of workers of skill i is
using the household budget constraints.
Suppose we take as given both the commodity taxes θ 1 and θ 2 and the amount of redistribution to the non-participants c 0 , and assume the government finances the latter by choosing the optimal set of skill-specific taxes t i (i > 0). The government budget constraint is:
Using the participants' and non-participants' budget constraints to eliminate x 1i and x 10 from the government budget constraint, the following Lagrangian expression characterizes the problem of the government:
where u(·) is again the social utility function.
Uniform commodity taxes
Begin with the case of uniform commodity taxes. The first-order conditions on t i evaluated at θ 1 = θ 2 = 0 are as follows (again ignoring any change in welfare for those whose participation choice changes):
Using v it = −1 and defining the value of marginal social utility of a type-i worker in terms of government revenue as g i ≡ u (v i )/λ, this can be written:
Following Saez (2002b) , (24) has a standard interpretation. The left-hand side represents the social gain from transferring a unit of income from type-i workers to the government, since g i is the value of income in the hands of type-i's in terms of government revenue. The right-hand side is the loss in revenue from those persons choosing to opt out of the labor market as a result of an increase in t i . In an optimum, these are equal, leading to optimal tax rates satisfying: Consider now the effect of increasing the transfer c 0 to all non-participants starting in the above optimal income tax outcome with θ 1 = θ 2 = 0. We interpret this as equivalent to increasing the progressivity of the tax since it will require an increase in the taxes paid by those in the labor force.
Using the envelope theorem, we obtain:
Using v 0c = 1 and defining the marginal social value of income of non-participants as g 0 ≡ j≥0 m j >m j u v 0 + m j dΓ j (m j )/(h 0 λ), this may be written:
where c * 0 is the optimal transfer to those not participating in the labor market. This is intuitive. The first term in (25) represents the equity effect of an increase in c 0 : the net effect on social welfare of transferring a unit of income from the government to each type-0. The second term is the efficiency cost to the government from the increase in the number of non-participants. In an optimum these two are equal, and using (24) we obtain j≥0 g i h i = 1 as in Saez (2002b) .
Differential commodity taxes
Suppose now that, starting from some given value of c 0 -not necessarily the optimal one -we increase the tax rate θ 2 on good x 2 . Applying the envelope theorem to W(c 0 , θ 1 , θ 2 ) and evaluating the result at θ 1 = θ 2 = 0, we obtain:
Using v jθ = v 0θ = −x 2 and the definitions of g j and g 0 , this may be rewritten:
From the first-order conditions on t i , (24), we obtain j>0 h j g j = − j>0 (t j + c 0 )h j − h 0 + 1, so, drawing on (25), we obtain:
Therefore, the analogue of Proposition 1 applies here as well: if the progressivity of the tax is less than optimal so c 0 < c * 0 , social welfare would be improved by subsidizing the necessity good x 2 .
Low-income demand for the necessity income-constrained
Next, suppose lower-wage individuals are income-constrained, and are unable to buy the standard amount of x 2 . Those labor market participants who are constrained maximize utility
subject the budget (1 + θ 1 )x 1i + (1 + θ 2 )x 2i = y i − t i and the non-negativity constraint x 1i ≥ 0.
As above, this yield the demand function x 2i (1 + µ i )(1 + θ 2 )/(1 + θ 1 ) and the indirect utility
Non-participants maximize Using the individual budget constraint, the number of persons of type i who do participate in the market (those with m i <m i ) is given by:
Suppose we take θ 1 and θ 2 as given and choose the optimal nonlinear tax-transfer system,
The first-order conditions on t i and c 0 evaluated at θ 1 = θ 2 = 0 are as follows (again ignoring any change in welfare for those whose participation choice changes):
Using v it = −(1 + µ i ), v oc = 1 + µ 0 , these may be written in the well-known form:
where g i and g 0 are now defined to include the shadow price of the non-negativity constraint as follows:
h 0 λ Thus, the form of the optimal nonlinear tax is comparable to the standard case where the nonnegativity constraints on x 1i are not binding.
Let the value function from this optimal tax problem be denoted as W(θ 1 , θ 2 ). Applying the envelope theorem, the effect of a change in θ 2 on social welfare evaluated at θ 1 = θ 2 = 0 is: (27) and the above definitions of g j and g 0 , this may be written:
This expression (28) is similar to (22) for the linear tax case. The first term involving the covariance is an equity term, which is positive. It favors a positive tax rate on the necessity good, of which more is consumed by the high-income persons. The second term is an efficiency effect that reflects the fact that imposing a tax on x 2 will affect participation, since non-participants will consume less of the taxed good.
Differentiating (26) with respect to θ 2 yields (23) as above. Therefore, under weak conditions, dh j /dθ 2 < 0, the second term in (28) will be negative. Depending on the balance between the equity and efficiency terms, it will be welfare-improving to impose a positive or a negative tax on the necessity when the income tax is set optimally. Thus, Proposition 3 applies with nonlinear taxes as well as linear ones. The Atkinson-Stiglitz Theorem does not apply when non-negativity constraints on goods with high-income elasticities of demand are binding for some households.
So far, we have taken government revenues to be fixed. Suppose that revenues are used to finance a public good, denoted g, whose level is chosen by the government. Two well-known results in this context are relevant. First, suppose preferences are weakly separable in the public good and all private commodities including leisure. Then, analogous to the Atkinson-Stiglitz Theorem, if an optimal nonlinear income tax is in place, the optimal level of public goods satisfies the Samuelson conditions (Christiansen 1981; Tuomala 1990; Boadway and Keen 1993) . Moreover, Kaplow (1996 Kaplow ( , 2008 argues that the Samuelson conditions should apply even if the income tax is not set optimally.
His argument, analogous the the Konishi-Laroque-Kaplow argument above, is that if the level of public goods does not satisfy the Samuelson conditions, a Pareto improving reform can be achieved by moving g toward that satisfying the Samuelson conditions and financing the change by adjusting the income tax. Second, suppose g is financed by a proportional income tax. Then, Atkinson and Stern (1974) show that the level of public goods should be such that the sum of marginal benefits should equal the marginal cost multiplied by the marginal cost of public funds, where the latter exceeds unity.
In this section, we investigate the decision rule for public goods when the government uses a linear progressive tax. We show that in our example where the Deaton conditions are satisfied, the Samuelson rule should apply if the optimal linear progressive tax is deployed. However, if the tax is less progressive than optimal, the public good decision rule depends on how marginal changes in the public good are financed. If they are financed using changes in the lump-sum component a, the Samuelson rule should apply regardless of whether t is optimal. If changes in t are used, the level of public goods should exceed the Samuelson level, and vice versa. That is, the marginal cost of public funds should be less than or greater than unity as the progressivity of the income tax is greater or less than the optimal progressivity.
We assume in what follows that θ 1 = θ 2 = 0, so no commodity tax is in place. Following the basic model, let utility now be 
where the marginal cost of the public good is p, a constant. Eqs. (4) continue to apply for B t and B a with the commodity taxes set to zero, as well as B g = −p.
Consider first the welfare effect of changing the income tax system. Social welfare is given by (6) with indirect utility augmented to include g. Taking g as given, the effect of a change in the tax rate t on social welfare, with a varying to balance the budget, yields (7) for dW/dt|g.
Consider now the effect of a change in g. Three cases are of interest, one in which the increment in g is financed by changes in the lump-sum transfer a, a second in which changes in t are used, and a third when a non-negativity constraint applies to the luxury good.
Effect of a change in g financed by a change in a
The change in social welfare of a small change in the public good g financed by a change in a holding the tax rate t constant is:
Using the envelope results and the properties of the budget constraint, this reduces to:
Not surprisingly, changes in g financed by a lump-sum tax on all persons can be evaluated by a comparison of the sum of private benefits less the marginal cost, regardless of whether t is optimal.
Optimal g satisfies d = p, which is the analog of the Samuelson condition in this context. Let g * be the level of g that satisfies the Samuelson condition, or d (g * ) = p. (Recall that the total population is normalized to unity.)
Effect of a change in g financed by a change in t
Suppose now, following Atkinson and Stern (1974) , that changes in g are financed by changes in the tax rate t. Differentiating W (·), we obtain
Rewrite this as follows
Since dW/dt 0 as t * t, we obtain
Together with (30) , (31) implies that if the linear income tax is less progressive than optimal, g should exceed g * when increments of g are financed by t. This is intuitive since increases in g indirectly move the income tax system closer to the optimum.
Non-negative constraint on x 1 binding
Finally, suppose x 1i ≥ 0 is binding for at least some low-income households, and let the government set the income tax rate optimally. The government chooses t and a to maximize n i u v i (t, a, g) subject to (29) , where now the labor supply function is (1 + µ i )(1 − t)w i . The first-order conditions on t and a are (12) as before, and the same interpretation applies.
The first-order condition on g can be written as follows, using λ = i n i u i · (1 + µ i ) from (12):
Therefore, the optimal choice of g satisfies:
The coefficient on p is like a marginal cost of public funds. It reflects the fact that an increase in revenues required to finance g will increase the distortion on labor supply arising from the binding non-negativity constraint (µ i > 0 for low-wage persons). This applies even if the income tax is set optimally. Of course, if this constraint is not binding for any individuals, the marginal cost of public funds is unity.
These results can be summarized in the following proposition.
Proposition 4
Start from uniform commodity taxes (θ 1 = θ 2 = 0) and a given income tax rate t.
Our analysis has been conducted using fairly strong assumptions. The quasilinear utility function is the simplest one that both satisfies the Deaton assumptions and makes a stark distinction between a necessity good and a luxury good. In this setting and assuming labor varies along the intensive margin, if an optimal linear progressive tax is implemented and non-negativity constraints are not binding, preferential commodity tax treatment should not be given to goods with low income elasticities of demand. Optimal redistribution can be achieved solely through the income tax.
However, if the progressivity of the income tax is less than optimal, for example, to mitigate tax evasion or because of political constraints, social welfare can be improved by differentiating the commodity tax structure in favor of the necessity good. On the other hand, if the non-negativity constraint on the luxury good is binding for low-wage persons, a differential tax on necessities improves social welfare if the optimal income tax is in place.
When labor varies along the extensive margin, the case for taxing necessities when a nonnegativity constraint is binding must be modified. There is now an efficiency argument against the differential taxation of necessities because that discourages participation. These results also apply in the extensive-margin case with non-linear income taxes. If the government is constrained from making the optimal transfer to non-participants, preferential tax treatment of necessities is welfare-improving as long as low-wage persons do not face a binding non-negative constraint on their purchases of the luxury good. If such a constraint is binding, there is an equity-efficiency trade-off involved in taxing necessities.
The results extend to the case where the government finances a public good with the tax revenues. As long as the Deaton conditions apply, if the optimal linear income tax is in place, the optimal level of the public good satisfies the Samuelson conditions even though distortionary taxation is used to finance the public good. If the income tax is less progressive than optimal, the Samuelson condition should still apply if public goods increments are financed by changes in the lump-sum component of the linear progressive income tax. However, if public good increases are financed by an increase in the tax rate, the provision of the public good should exceed that satisfying the Samuelson condition. These results contrast with those inspired by Atkinson and Stern (1974) as well as Browning (1976) , who argued that the optimal provision of public goods financed by a tax on labor income should satisfy a modified Samuelson condition whereby the sum of marginal benefits should be equated to the marginal cost augmented by a marginal cost of public funds that generally exceeds unity. In our context, we found that the marginal cost of public funds should exceed unity if the non-negativity constraint on x 1 is binding for some households.
Our use of a simple model illustrates these points in the clearest way. Extending the analysis to more general utility functions or to more general nonlinear income tax schedules would make the model more realistic, but would also make the analysis more complicated and less transparent.
One might expect that as long as the income tax is less progressive than optimal, it will be useful to augment it with commodity taxes that favor necessities. And, if the optimal income tax is in place, it will be useful to tax the necessity if low-income persons purchase only that good except to the extent that the taxation of necessities discourages extensive-margin labor supply. If the relevant separability conditions do not apply, there is already an a priori reason for differentiating the commodity tax system in favor of goods that are substitutable with leisure when an optimal income tax is in place.
